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This paper is concerned with the number of limit cycles bifurcating in three-dimensional
quadratic vector fields with Z3 symmetry. The system under consideration has three fine focus
points which are symmetric about the z-axis. Center manifold theory and normal form theory
are applied to prove the existence of 12 limit cycles with 4-4—4 distribution in the neighbor-
hood of three singular points. This is a new lower bound on the number of limit cycles in

three-dimensional quadratic systems.
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1. Introduction

Dynamical systems can exhibit the well-known self-
sustained oscillation, leading to limit cycles, which
arise in almost all fields of science and engineering
including physics, mechanics, electronics, ecology,
economy, biology, finance, etc. Limit cycle theory
plays an important role not only in the theoretical
study of dynamical systems, but also in practical
applications. The phenomenon of limit cycle bifur-
cation was first discovered by [_I_B\EE] in late
19th century, he developed a breakthrough qual-
itative theory of differential equations, which can
be used to study the general behavior of a dynam-
ical system without solving the differential equa-
tions. The later development was most motivated
by the well-known Hilbert’s 16th problem, one of

$Author for correspondence

the 23 mathematical problems proposed by Hilbert
in 1900 M, @%] Recently, a modern ver-
sion of the second part of Hilbert’s 16th prob-
lem was formulated by [Smald [1998], which was
chosen as one of his 18 most challenging mathe-
matical problems for the 21st century. The second
part of the Hilbert’s 16th problem is to find the
upper bound, called the Hilbert number denoted
by H(n), on the number of limit cycles that pla-
nar polynomial systems of degree m can have. In
early 1990’s, II'yashenko and Yakovenko m, and
@] independently proved that H(n) is
finite for given planar polynomial vector fields. For
general quadratic polynomial systems, four limit
cycles with (3, 1) distribution were obtained almost

40 years ago ,[1980; [Sun & Shul, [1979], showing
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that H(2) > 4. This result was also proved recentl

for near-integrable quadratic systems
]. However, this problem is not even completely
solved for general quadratic systems, i.e. H(2) =4
is still open. For cubic polynomial systems, many
results have been obtained on the lower bound of
the Hilbert number. So far, the best result for cubic
polynomial systems is H(3) > 13 , ;
, . Note that in these studies, the 13
limit cycles are distributed around several singular
points. If the problem is restricted to the vicinity of
isolated singular points, it is equivalent to investi-
gating generalized Hopf bifurcations, and the main
tasks will be computing the focus values and deter-
mining the center conditions. For quadratic sys-
tems, it is well known that the maximum number
of small-amplitude limit cycles around an isolated
singular point of such a system is three ﬂm,
@], and center conditions have been obtained
and classified explicitly. For cubic systems, many
results have been obtained, divided into two cat-
egories. For systems with an elementary focus, the
best result obtained so far is nine limit cycles [Yu &
Corless, [2009; [Chen et all, 2013; Llovd & Pgarsgﬂ,
]. On the other hand, for systems with a center,
there are also a few results obtained in the past two

decades [ZoladeK, [1995: [Yu & Haul, 2011; Tian &
Yu, [2016; Bondar & Sadovskii, . Recently, the

existence of 12 small-amplitude limit cycles around
a single singular point was proved by Yu and Tian
l@? However, the center problem has not been
solved for cubic polynomial systems. A comprehen-
sive review on the study of Hilbert’s 16th problem
may be found in a survey article ﬂﬂ, M]
Bifurcation of limit cycles due to Hopf bifurca-
tion is common in real applications, but real sys-
tems often have dimension higher than two [Han &
Yu, 2012; , 2014]. When the dimen-
sion of a dynamical system associated with Hopf
bifurcation is more than two, center manifold the-
ory is usually applied together with normal form
theory. In the 1990’s, computation of center mani-
fold and normal forms was extensively studied and
some efficient computational methods were devel-
oped (e.g. see [Han & Yu, [2012: Guckenheimer &
Holmes, M]) For three-dimensional dynamical
systems, a lot of results have been obtained on
bifurcation of limit cycles. Surprisingly, it has been
shown that unlike two-dimensional systems, a sim-
ple quadratic three-dimensional system can have
infinitely many small-amplitude limit cycles, which

appear on an infinite family of algebraic invariant

surfaces %gmggo_yg];; & Shafe, 12016: Bulgakov &
Grin, . However, finding an upper bound for
the cyclicity of singular points in quadratic three-
dimensional systems, restricted to finite center man-
ifolds, is still a very challenging task. Recently, some
results have been obtained on Hopf bifurcation of
three-dimensional polynomial differential systems.
Wang et _all [2010] studied Hopf bifurcation in a
class of three-dimensional nonlinear dynamical sys-
tems and obtained five small-amplitude limit cycles
around a singular point. Tian and Yu ] con-
structed a simple three-dimensional quadratic sys-
tem and, with the help of an explicit recursive for-
mula for computing the normal form of general
n-dimensional differential systems associated with
Hopf bifurcation [Tian & Yu, 12013], proved the exis-
tence of seven small-amplitude limit cycles in the
vicinity of a singular point. Further, Yu and Han

] showed that ten small-amplitude limit cycles
can bifurcate from an isolated center-type singular
point in a three-dimensional quadratic system with
quadratic perturbation. Recently, \Du_et all l2ﬂld]
investigated Hopf bifurcation in a class of three-
dimensional quadratic systems and proved the exis-
tence of ten small-amplitude limit cycles around two
symmetric singular points.

To determine the number and stability of bifur-
cating limit cycles associated with a singular point,
we need to compute Lyapunov constants. There
mainly exist three methodologies for computing
Lyapunov constants: the method of normal forms
IHan & Yu, 2012; [Farr et all, [1989; , ], the
method of Poincaré return map Andronoyl, M;
, ], and the Lyapunov function method
[Shi, [1984; (Gasull & Torregrosd, 2001]. Without loss

of generality, assume that the system under consid-
eration has a singularity at the origin, and that the
Jacobian of the system evaluated at the origin has
a purely imaginary pair: +iw.. With the aid of a
computer algebra system such as Maple or Mathe-
matica (e.g. see [Han & '11J,|2Ql21; Tian & Yil ,|20l3;
Y @]), we can compute the normal form of the
system at the origin to obtain the Lyapunov con-
stants L.

We start from the following general three-
dimensional quadratic system,

?

dx 2

1 i gk

o | E Ajjrxix973,
i+j+k=0
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dx 2
2 ik
ar :4 E Bijkx1x2x3,
i+j+k=0
2
o> Gyl
— C. Akxzx]$k.
dt . ijkT1LoT3
i+j+k=0

(1)
In order to let the system () have an equilibrium at
(1,0,0), and make it invariant under the following
transformation of rotation,

L 2m . (27
X1 = X1 COS 3 Z9 S1N 3 y
. <27r> . <27r> (2)
XTo = I1 SIn ? + 9 CcOoS ? ,

€r3 = T3,

we set

Agoo = Booo = Aoo2 = Aoo1 = Boot
= Bgo2 = C100 = C101 = Co1o

= Co11 = C110 = 0,

1
Ap1o = 514110 = —Bo20 = —Bioo = Booo,

Aj01 = Bo11, Ao = —Bion,
Ao20 = A100 = Bo1o = —Azg0 = %Bno,
Co20 = C20p-
In addition, we set Cyopg = —Cog9 for which the

system has an equilibrium at (1,0,0). Further, let
(1,0,0) be a Hopf singular point, we let Bjig +
Coo1 < 0, Bago > 0, Cooz2B110Bo11 # 0, and

1
C200 = —==— (7B} + 4B110Co01 + 12B3y + 4C3y1 ),

8Bo11

3)

Bio1 =

6Ba0o (7B, + 4B110Coo1 + 12B3y, + 4C3,)

In order to impose perturbation on the Hopf bifurcation, we introduce Ag11 — Ag11 —0 and Big1 — Bio1+96

which still satisfy Ag11 = —Bio1. Under the above conditions, system () becomes
dx 1 1 1
d—tl = 53110951 + Bogoxa — 5311093% + §Bno$§ + 2Bogox122 + Bonizizs — (Bioi + 0)zaxs,
dajz 1 2 2
i —Bagor1 + 53110332 + Bagox] — Bagors + Brior1x2 + (Bior + 0)x123 + Boiixaws, (4)
95 oo+ C Copoa? + Cagoz2 + Copal
o a0 + Coo123 + Ca0021 + C20073 + Co0223,

where 0, B;;r and Cjj;, are real parameters, and
|d] < 1. Note that system (@) is Zs-equivariant
(see [Li, 2003]) and has three Hopf critical points

at (1,0,0), (—=1,%2,0) and (—1,—¥2,0). In this
paper, we study bifurcation of limit cycles in the
three-dimensional system (H).

This paper is organized as follows. In the
next section, for completeness and convenience,
some basic formulations and preliminary results are
briefly described, which will be used for proving the
existence of small-amplitude limit cycles. In Sec. B,
by means of proper scaling and transformation, we
compute the first four focus values associated with
the singular point (1,0,0) of system (), and then
show that this point can be a fine focus of order four,

|
implying that at most four limit cycles can be found

around this point. In Sec. [, we prove that proper
perturbations can be applied to generate four limit
cycles around (1,0,0), and thus a total of 12 limit
cycles exist around the three singular points. Con-
clusion is drawn in Sec. [3l.

2. Some Preliminary Results

In this section, we present some basic methods and
preliminary results which will be used in the fol-
lowing sections. For computing the focus values of
planar vector fields, there mainly exist three com-

putational methods [Han & Yu, 2019]: Poincaré-
Takens method |Guckenheimer & Holmes, |L9&ﬂ,
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the perturbation method @, , and the singu-
lar point value method ILiu & 1, M] However,
it is more computationally demanding for higher-
dimensional dynamical systems. In the following,
the normal form theory is briefly described for
computing the focus values of general n-dimension
dynamical systems. The general normal form the-
ory can be found in |[Guckenheimer & Holmes, [1983;
Chow et _all, M] and computations using com-

puter algebra systems can be found in m,

Consider the following general n-dimensional
differential system:

z=Az+ f(z), z€R", f:R"—R", (5
where Az and f(z) represent the linear and non-
linear terms of the system, respectively. We sup-
pose that f(0) = Df(0) = 0. Further, it is assumed
that f(z) is analytic and can be expanded in Taylor
series about z. Moreover, from the viewpoint of real
applications, we assume that system (Bl) only con-
tains stable and center manifolds. In normal form
computation, the first step is usually to introduce
a linear transformation into (Bl such that its linear
part becomes the Jordan canonical form. Suppose
under the linear transformation z = T'(x,y)!, sys-
tem (&) becomes
fi:R" — RF,

ab:Jlx+f1(93,y), .CEERk,

y = Joy+ fa(x,y), fo: R"— R"F,

(6)

where J; =diag(A, A2, ..., A\x), and Jo =diag(Agy1,
Akt+25 -5 An), with Re(A;) =0, 7 =1,2,... ,k, and
Re()\;) < 0, j = k+1,...,n. The second step is
to apply center manifold theory , ] to sys-
tem () so that y can be expressed as y = H(x),
satisfying H(0) = DH(0) = 0. Therefore, the first
equation of (6) can be rewritten as

ye Rk,

&= Jiz+ fi(z, H(z))

=Jiz+ fi@) + fil@) + -+ fi@) +
(7)

where f] € M;, j 2,3,..., Mj, defining a
linear space of vector fields whose elements are
homogeneous polynomials of degree j. Equation ([7)
describes the dynamics on the center manifold of
system (@), and H(z) can be determined from the

following equation:
DH (z)[Jiz + fi(z, H(z))]
— Lo (H(z)) — fo(z,H(z)) = 0. (8)

Next, using normal form theory, we introduce the
near-identity transformation:

T =u+ Q(u)
=u+qgo(u) +q3(u) + - +gs(u) +---, (9)

where ¢; € Mj, j = 2,3,... into ([0) to obtain the
normal form,

4= Jiu+ C(u) = Jiu + Na(u) + N3(u)
oo Ny(u) + -, (10)

where N; € M;, j =2,3,....

Theoretically, it seems computing center man-
ifold and normal form is straightforward. However,
practically it is not an easy task to design an effi-
cient algorithm. Recently, an explicit recursive for-
mula has been developed for computing the nor-
mal form together with center manifold. We omit
the detailed formulas and algorithms, as well as the
Maple program here, which can be found in [Tian &
Yu, 2013].

Suppose that we have obtained the normal form
of system (B), given in the polar coordinates up to
the (2k + 1)th-order term:

i =r(vg 4+ vir? + vort + - + vkr%),
(11)

0 = we + 172 4 tor* + - 4tk

where 7 and 6 denote the amplitude and phase
of motion, respectively. v, and t, are expressed
in terms of the original system’s coefficients. vy is
called the kth-order focus value of the origin. The
zero-order focus value vg is obtained from linear
analysis.

To find &k small-amplitude limit cycles of sys-
tem ({) around the origin, we first find the con-
ditions based on the original system’s coefficients
such that vg = v1 = v9 = -+ = v_1 = 0, but
v # 0. Then appropriate small perturbations are
performed to prove the existence of k limit cycles.
Note that any focus value v is a polynomial in
terms of the coefficients of system (B). Thus, we
need to use the Maple built-in command “resultant”
to solve a system of multivariate polynomial equa-
tions. Denote by R[zi,z2,...,2,] the polynomial
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ring of multivariate polynomials in x1, o, ..

., &, with coefficients in R. Let

m n
plan, @, we) =Y pilwr e, w1z, g, we, 1) = g e, ae )z (12)
i=0 i=0

be two polynomials in Rz, zo,..

., xy] respectively with positive degrees m and n in x,. The following

matrix is called the Sylvester matrix of p and ¢ with respect to x,.,

Pm  Pm-—1
Pm Pm—1
Syl(p, ¢, ;) =
dn  dn—1
dn dn—1

whose determinant is called the resultant of p and
q with respect to x,, denoted by Res(p, q,x,). We
have the following lemma.

Lemma 1 m, M} Consider two multivari-
ate polynomials p(x1,x2,...,2,) and q(x1,x2,...,
xy) in Rlxy,ze,...,2,] given by (I2). Let Res(p,
q,z;) = h(x1,...,2,—1). Then, the following holds.

(1) If the real vector {aq, a, . ..
mon zero of the two equations p(x1, o, . ..
q(z1,29,...,2,), then h(aq,...,ap—1) = 0.

(2) Conversely, if h(aq,...,ap—1) =0, then at least
one of the following four conditions is true:

,ap) € R" is a com-
, ) and

(a) pm(an,...,qp_1) = =polaq,...,ar_1) =0,
(b) qn(al, . ,Ckr_1> == qO<041, . 704r—1) = 0,
(C) pm<041, cee 7a7“—1) - qn(ala cee 7a7“—1> - 0;

(d) for some o, € R, (a1,...,04) is a common zero

of both p(x1,...,xz,) and q(x1,...,2;.).

The following lemma gives sufficient conditions
for the existence of small-amplitude limit cycles.

(The proof can be found in [Han & Yu, 2012].)

Lemma 2. Suppose that the focus values depend on
k parameters, expressed as

szvj(elaEQa-"aEk)v j:Oa]-v"'aka (14)

satisfying

Po
Po
n
p Pm-1 - Do
q0
q0
m
dn qn—1 o qo
ve(0,...,0) #0 and
8(1)0, Vlyeo- ,Uk_l)
det 0,...,0 0.
8(€1a627"'7€k‘) ( ) ?é
(15)
Then, for any given g > 0, there exist €1,¢€a, ..., €k

and § > 0 with |ej| < €y, j = 1,2,...,k such that
the equation 1 = 0 has exactly k real positive roots
[i.e. system (A) has exactly k limit cycles] in a §-ball
with its center at the origin.

3. Focus Values of System (d])

In this section, we compute the focus values of sys-
tem (). Consider the three-dimensional quadratic
polynomial system (). Due to the symmetry of the
system, the focus values associated with the sin-

gular points, (1,0,0), (-1, ?,O) and (—%,—‘ég,())
are same. Hence, we only need to consider the Hopf
bifurcation at the singular point (1,0,0).

To simplify the analysis, introducing the

scalings,

Ty — X1, T2 — T2,
Baoo
r3 — —x3, — 5—t,
Coo2 Bago (16)

Bi1o — bi110B20o, Boi1 — Coo2boi1,

Coo1 — Bagocoor, 0 — Cpo29,

1850139-5
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into system (H]), we obtain

d.%'l 1 1 1
i 55110»’61 - 5511033% + bo11z3xr1 — biowsre + 2x1209 + 22 + §b110x% — dx3wo,
drs _ s o 1 B =
7 bo11z273 + bio1w3w1 + brior172 + 2] — X5 + 2b110x2 T + 0z371, (17)
drg o 2 2
o s + C20077 + 20023 + C00173 — €200,
where
200 = — SQ b101 _ (131)?10 — 18[)%106001 + 36b110 - 121)1100(2)()1 — 246001 - 86301)1)011 (18)
8bo11’ 652 ’
with |

where the coefficients A;;, B;; and C;; are expressed

S1=0 )
1 = bi1o + coo1 (19) in terms of d, bi10, bo11 and cgo1, as listed in

S = Tbi1g + 4bi1ocoor + 4cgo + 12, Appendix.
o Clearly, the singular point (1,0, 0) of system (H)
satisfying S1 < 0 and biiobonr 7 0, and |6] < 1. corresponds to the origin of system (ZI), which is

In order to study the limit cycle bifurcation Hopf-type critical point. Now we use the method
around the Hopf critical point (1,0,0), we need to  of normal forms and the Maple program in [Tian &
compute the focus values. To further simplify the vy, [2013] to compute the focus values of system (1))
system, we introduce the following transformation, associated with the Hopf critical point at the origin.

We have the following result.

~ 4bor1cont 451bo11
= z1 +

T 29+ 23 + 1, .
So Sy Theorem 1. The first four focus values at the ori-
~ (3b}19 — 6b11oconr + 12)bo1y gin of system (Z1) are given as follows:
T2 = — S 1 3550
35, v =~
16b91155’
L 251(b110 — 2co01)bo11 ; ot
352 ’ v = ot F
b 1024086527
Sy + 2b110(251 + b110) ; 172
126110 5 1
v2 = — arl2
s . 235929600051251
r3=21 — ——23, t— ———1,
TN bonbrig b110 + oo vy = — 1 Py
(20) 5322752969932800005%853 ’
under which (I7) becomes oy — 1 7
dz L 81307819447267885056000000057455
T Ajoz1 + 29 + Agozz + An121 + Appzi 2 (22)
T Ayszizs + A22Z§ + Agzznzs + A33z§, where the l.engthy polynomaals F1., Fy, F5 and Fy are
expressed in terms of the coefficients bi1g, bo11 and
dz
d—t2 = Bioz1 + Bsozs + Bi125 + Biazi2o coot-
+ Bi32123 + Bogz3 + Bozzozs + B33z§, 4. Existence of 12 Limit Cycles in
iz ) System (4l
ar Croz1 + C3023 + Caz1 + Craz122 In this section, we present our main result of
) ) this paper, we prove the existence of four small-
+ Ci32123 + Oz + Cazzazs + C323, amplitude limit cycles around the origin of sys-

(21)  tem (2I)), and thus the original system () has 12

1850139-6
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limit cycles due to Zs symmetry. Since the three
focus values, v; (i = 1,2,3) given in ([22)) involve
three free coefficients, b11g, bo11, and cgo1, it may
be possible to choose appropriate values of these
parameters such that v; = 0,4 =1,2,3, but vy # 0,
implying that four small-amplitude limit cycles may
bifurcate from the origin of system (2I]). Indeed we
have the following result.

Theorem 2. System ({]) can have 12 limit cycles
with four around each of the three singular points

(1,0,0), (—3%,%2,0) and (-1, -L,0).
Proof. First, we set § = 0 to make vy = 0. In order
to obtain maximal number of small-amplitude limit
cycles bifurcating from the origin of (21I), we use the
coefficients by1g, bo11, coo1 to solve the three poly-
nomial equations: F; = F», = F3 = 0. If a solu-
tion of these equations yields vy # 0, then we may
obtain four small-amplitude limit cycles by prop-
erly perturbing the coefficients b11¢, bg11 and cqo1.
To achieve this, we eliminate by1; from the equa-
tions F; = F5, = F3 = 0 to obtain a solution
b(]11 = g(bllo, 0001), and two resultants:

Fiy = S3F124(b110, Co01),
Fi3 = S3F134(b110, coo1),
where
S3 = 5189 (bl — 4bioconr + 4cdgy +4)
x (13b119 — 44b719c001 + 2407 10¢501
+16by10¢50; + 16¢50; + 72031,
— 144by10cg0y + 144).

Here, the lengthy expressions of the polynomials
g(b110, co01); Fi2a(b110, coo1) and Fi34(b110, coo1) are
omitted here for brevity.

Finally, we need to solve the two polynomial
equations: Fiaq(b110, coo1) = F134(b110,co01) = 0 to
find the solutions of by19 and cgp1. It can be shown
that these two equations have 21 sets of real solu-
tions, but only three of them satisfy the equations
Fy = F, = F3 = 0 with bg;1 = g(b110,c001) and
b110 + coo1 < 0. We choose one of them as follows:

bo11 = 2.029425183.. . .,
bi10 = —1.797263080. . . ,
coo1 = —2.745841812. ..,

under which

v =v2 =v3 =0, wvg=—0.000329518... # 0.

Moreover, a direct calculation shows that the Jaco-
bian evaluated at the critical values is equal to

3(1)1, V2, ,03)

det
9(b110, bo11, coo1)

= —0.0000030880. .. # 0,

implying, by Lemma 2] that system (2I)) can indeed
have four small-amplitude limit cycles bifurcating
from the center-type singular point (the origin), and
thus, system (@) can have 12 limit cycles.

The proof of Theorem B is complete. W

5. Simulation of 12 Limit Cycles

In this section, we present simulations to illustrate
the existence of the 12 limit cycles arising from
Hopf bifurcation, with four around each of the three
equilibria: (1,0,0), (—1,%2,0) and (=1, —¥2,0) of
system (I7).

As we all know, simulating single limit cycle is
straightforward and is still easy for two limit cycles.
However, it is somewhat challenging for simulating
three limit cycles [Kuznetsov et al, |. Simu-
lating four limit cycles around a singular point is
more difficult. The main difficulty comes from how
to appropriately choose perturbations of the param-
eters from the critical point so that the truncated
normal form can have four real positive roots. If
the perturbations can be performed step by step
and perturbing one parameter at each step, then the
process is still straightforward. However, if the poly-
nomial equations from the normal form are coupled,
then finding the perturbation is much challenging.
In the following, we present a method for finding
the 12 limit cycles.

Assume that the associated normal form of the
system is given in polar coordinates as

dr

o r(vo + v17? + vgrt + vzr® 4 ugr® 4 )s
df

_dt = 1+T0+T1T2+T27’4+7'37‘6+"' 5

(23)
where v, is the kth-order focus value. The first

equation of (23)) can be rewritten as

dR
— = 2R(vo + v1R + voR? + v3R> + v R+ - 3,

dt
(24)

1850139-7
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where R = r2. Then, solving for 72 from % =0
of ([23) is equivalent to solving for positive R from
dt = 0 of ([24). Since we are interested in small-

amplitude limit cycles, we introduce the scaling
R —€eR (0 < e < 1) into 24) to obtain

d(eR)

T 2¢R(vg + vieR + Vo€’ R2

+ 3SR +uge’R 4 --1). (25)

Next, we suppose the perturbed focus values
are given in the form of

vy = Koet +o(e!), v = K1€® + o(e?),
Vo = K2€2 + O<62),

vy = K4+ 0(1),

vy = Kge + 0(6), (26)
Vs :K5+O(1),...
under which Eq. (25) becomes

d(ch)

ke 2 R[(Ko + K1 R + Ko R?

+ K3R?® 4+ K4RY) + €RG(e, R)],  (27)

where G(e, R) is analytic at (0,0).
By implicit function theorem, when € is small
enough, it follows from (27) that if the equation

K0+K1£E+KQCE2 +K3333+K4334 =0 (28)

has four positive roots Ry, Ro, R3 and Ry, then the
equation d(gf) = 0 also has four positive roots,
which are sufficiently close to R1, Ro, R3 and Rjy.
This implies that system (7)) has 12 limit cycles,
with four on each of three center manifolds, near
the circles which are the intersection of the center

manifolds and the balls (z — 1)2 + y2 + 22 = €R;,
(a:+%)2+(y—§)2+z2 =eR; and (z+3)2+ (y+
@)2 + 22 = €R;, i = 1,2,3,4. Thus, we have the
following result.

Theorem 3. For system (I7), with the following
perturbed parameter values:

§ = (—0.0949761581 . ..)e*,
bo1r = —(0.29494257879 ... .)€
— (0.8659673227 . .. )€

— (0.1474737377 ... )e + (2.0294251839 . . .),

bi1o = (2.3969638306. . .)e? — (0.2712863236 . . .)e
— (1.7972630809. . .),

coo1 = —(0.1867194953 ... )e — (2.7458418128. . .),
(29)

th . d(eR) _ - Ly
e equation =z = 0 in (Z7) has four real positive
roots, which are sufficiently close to 1, 2, 8 and 4,
and thus correspondingly, system (I7) has 12 limit
cycles, with four on each of three center manifolds,
near the circles which are the intersection of the
center manifolds and the balls (z — 1)% + 32 +

2 = e (o + 3+ =P+ 2 = je and
($+%)2+(y+§)2+22:j67j:172’374'

Proof. Suppose that the four positive roots of
Eq. @8) are z = 1,2,3,4. Then, we can use (28]
to find K; as

Ko = —0.0079084422 . . .,
K, =0.0164759212.. .. ,

Ky = —0.0115331449 . . ., (30)
K3 = 0.0032951842 . . . |

Ky = —0.0003295184. . . .

Since ¢ can be linearly solved from the first
focus value vy, we first consider the equations vy =
vo = v3 = 0 to determine the perturbed parameters
bo11, b110 and cgo1, and then use these values to find
a proper perturbation on § for vg. So, without loss
of generality, we assume that

boi1 = bor1c + krie + ko€ + kyzé’,
bi1o = b110c + kare + kage? + koze?, (31)
001 = Coote + k31€ + k3a€® + kzze’,

where bgyi1e, bi1oc and copie are critical values such
that v = v9 = v3 = 0. Substituting ([BI)) into the
expressions of v, v and vs, and expanding them in
Taylor series up to € order, we obtain

vy = Eg + Erie + E12€2 + E1363 + 0(63),
vy = Foy + Eore + E22€2 + O<62), (32)
vs = E30 + Es1€ + o(e),

where E;; are functions of bgi1, b119 and cpor, and
so the functions of k;;, ¢,7 = 1,2, 3.
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Combining (26) and (30), and balancing the
coefficients of like powers of € give the following
equations,

FE10(bot11, b110, coo1) = E11(bo11, b110, coor)

= Eh2(bo11, b110, coo1) = 0,
FEa0(bo11, b110, co01) = E21(bo11, b110, coot)

= E30(bo11, b110, coo1) = 0,
E13(bo11, b110, coo1) = Ky = 0.0164759212. . .,
Foy(bo11, b110, coo1) = Ko = —0.0115331449 . . .,

E31(b011, b110, 6001) = Kg = 0.0032951842.. ...
(33)

Then, solving the equations in (33)) yields the
solutions:

kap = —0.1867194953 . .. |

koo = 2.3969638306 .. . .,

ks = —0.2949425787 ... |

ki = —0.1474737377 ..., (34)
kg1 = —0.2712863236.. . . |

k1o = —0.8659673227 .. .,

kos = k33 = k32 = 0.

Thus, the perturbed values of the parameters bgi1,
b110, and cgp1 are obtained from (BI) as
boir = —(0.29494257879 .. .)€
—(0.8659673227 .. .)e® — (0.1474737377 .. . )e
+(2.0294251839.. .),
bi1o = (2.3969638306 . . .)e* — (0.2712863236.. .. )¢
—(1.7972630809. . .),

coo1 = —(0.1867194953 . . .)e — (2.7458418128 .. .).
(35)

Next, we assume that
0 = kg1 + k4262 + k43€3 + k44€4. (36)

Substituting (B5) and (B6]) into vy and expanding it
in Taylor series up to €* order results in

v = Eoo + Eore + Ena€® + Egaé
+ E04€4 + 0(64), (37)

where E;; are functions of ¢ and so functions of ky;,
i = 1,2,3,4. Again, combining ([26) and (30), and
balancing the coefficients of like powers of e yield
the following solutions,
Eo = Eo1 = Eo2 = Eoz =0,
(38)
FEyy = Kg = —0.0079084422 . . . .

Then, solving the equations in (38)), we obtain the
solutions,

ka1 = kag = ka3 =0,

(39)
ks = —0.0949761581 . . . ,
for which d is given by
§ = —(0.0949761581 .. .)€, (40)

Now, having obtained all the perturbed param-
eter values given in (29), we obtain the perturbed
focus values:

—0.0079084422 .. .)e* + o(e),

vy = (
v1 = (0.0164759212...)€> + o(e?),

vy = (—0.0115331449 .. .)e2 + o(€?),  (41)
v3 = (0.0032951842. . .)e + o(e),

vg = (—0.0003295184....) + o(1).

With the above perturbed focus values, the equa-
tion d(gf) = 0 in (1) has four real positive roots
which are sufficiently close to 1,2,3 and 4, and
thus system (I7) has 12 limit cycles near the circles
which are the intersections of three center manifolds
and the balls (z — 1) + 32 + 22 = je, (v + 3)% +
(y— )2 +2% = jeand (z+ 1)+ (y+ 2)? +22 =
je, j=1,2,3,4.
The proof is complete. W

For simulation, we choose ¢ = 7 x 1078, for
which the four positive roots are obtained from

% = 0 as follows:

r1 = 0.0002645751 ..., ro = 0.0003741657 ...,

75 = 0.0004582575 ..., 14 =0.0005291502...

which are approximations of the amplitudes of the
four limit cycles bifurcating from (1,0,0), and due
to symmetry, other eight limit cycles are around the
equilibriums (—%, @,0) and (—%, —@,0), respec-
tively. By Theorem[3] using e = 7x 10~8, we can get
the approximate values of the parameters 9§, bgi1,
b110 and cgp1. Then, with the program “ode45” in
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Fig. 1. Simulated four limit cycles around the equilibrium
(1,0,0) of system () for e =7 x 1075,

MATLAB, we obtain the simulation, as shown in
Fig. @ clearly indicating that the simulated four
limit cycles agree very well with the analytical
predictions.

6. Conclusion

In this paper, normal form theory and Maple soft-
ware program for computing normal forms have
been applied to compute the focus values of dynam-
ical systems associated with Hopf singular point,
and then to determine the number of bifurcat-
ing limit cycles near the critical points. We have
shown that three-dimensional quadratic polynomial
vector fields can have at least 12 small-amplitude
limit cycles around three critical points. This is
a new lower bound obtained for three-dimensional
quadratic systems.
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Appendix

The coefficients A;;, B;; and Cj; in system (2I]) are
listed below, where S} and Sy are given in (I9).

3556
A= ——
0 811 5%
3526
Agg= ——2
T biigbg, ST
1
A11 = m{b’l [51 (51 (Sl(Slb011(6531 — 6620001) + 2631[)0110(2)01 + 1100b011 - 1848)
192
— 36¢001 (145b011 20, + 188bo11 — 120)) — 4752¢30; + 4656bo11 + 5535b011 o1
+ 14856b011 c29; — 5184) — 6¢001 (513bg11¢50; — 400¢2q; + 23120011 c2; + 206411 — 960)]
+ 9(0(2)01 + 4)(811)0110301 — 560(2)01 + 232b0110(2)01 + 144by11 — 96)
+ (5[1252 (Sl(Sl(bno — 60001) + 150(2)01 + 4) — 90001 (C(Q)Ol + 4))]},
~1
A = m{bgn[Sl(Sl(Sl (Sl (2651 — 2310001) + 12(630(2)01 + 26)) — 18cpo1 (636(2)01 + 104))
192

+ 18(45¢0; + 132¢80; +32)) — 8Lcgor (3chor + 16501 + 16)] + 3528[51 (brio — 5coor) + 9(cfor +4)]},
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Aoz =

Az =

By =

~ 307202,,2,,51

© 8bp1153

T 192535,

72525,

1

—2{b011[51(51(51 (Sl (91b110 — 46400()1) + 12426(2]01 + 528) — 18¢po1 (816(2]01 + 128))
288b110b01157

+ 891y + 2592¢2,; 4+ 144) — 81cno1 (3¢hg; + 16¢80; + 16)] + 3528[S1 (br10 — Heoor) + 9(cior + 4)]]},

1

1115, g, U511S1(S1(13b110 — 83coor) + 6(39¢Go1 + 44)) — 216¢iin] + Blegor + 21650, — 432,
~1

TTror— g g LSS (S1(S1(S1bout (71551 — 5358coor) + 8964borr — 5544 + 156690112y, )
011011097

— 36001 (669b011c29; — 360 + 10126011 )) + 23184bg1; — 14256¢25; — 15552 + 60984¢2; bo11
+ 21141bo11 641 ) — 18c001 (567bo11 ¢y — 400c3y; + 2600¢2,;bo11 — 960 + 23520011 )]
+27(cBoy + 4)(81bo11 891 — 56¢0; + 232b011¢hg; — 96 + 144bg1 1)

+ 12525[51 (Sl (8b110 — 310001) + 6(90(2)01 + 8)) — 27con1 (0(2)01 + 4)]},

S
2 {51 [31(51 (51 (51 (84551b011 — 4030b0110001) — 1848 + 8991b0116(2]01 + 5868b011)

— 12¢001 (951bo11 301 + 1556b011 — 360)) + 8667bo11¢50; + 26088c30;bor1 + 10224bg11
— 4752c3, — 5184) — 6coo1(621bo11 50, + 2888¢201bo11 — 4002y, — 960 + 2640bg11)]
+9(c3o + 4)(81bo11cagy + 232bo11¢2g; — 5620, + 144bg11 — 96)

+ S96[S1(S1(52b119 — 176¢001) + 84(3c2; + 4)) — 108coo1 (o1 + 4)]},
[35(101)1100@01 + 36(2)01 — 12) + (8[)01131 — 215)3%],

3525

©32b110b2,, 5%

—1
{Sl [51 (51 (Sl(Slb011(16951 — 15340001) + 1804bg11 — 504 + 5271[)0110(2)01)

—12¢001 (735bo11¢20; — 88 4 772bo11)) — 1488¢3y; + 5808bo11 + 7911bo11ch0;
4 18504¢3y; bo11 — 2880) — 6¢go1 (621bg11 a0, — 176¢2; + 253630 bo11 + 2256bg11 — 576)]
+9(cBp + 4)(81bo11 ¢y, — 56¢3y; + 232b011c2; + 14411 — 96)

+ S96[S1(S1(60b119 — 216¢001) + 12(27¢39; + 20)) — 108coo1 (cior + 4)]},
1
{b011[51 (Sl(Sl (51 (52b110 — 3716001) + 24(516(2)01 + 1)) — 18cpo1 (870(2)01 + 88))

+2376¢20; 4+ 972¢001 + 288) — 81coor (chor + 4)(3c2o; + 4))]

+ 3325[31 (7b110 — 36001) + 70(2)01 + 12]},

1

1445,5, [bor1 (b1 — 4br1ocoon + 4cgor — 12)(13b71 + 8brrocoor + 4¢51 + 36)],
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B3z =

Baz =

Ci =

Cio =

Cio =

Coo =

Ciz =
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Wﬁ&ﬁ’{& [S1(S1(S1(S1bo11(1547S; — 10566¢001) — 1512 + 11076bg11 + 27477bo11 o)
— 36¢001 (1041bg11 cogy + 1284bg11 — 88)) — 44643y, — 8640 + 28917bg11 gy + 71928¢20,bo11

+ 25488b011) — 18¢001 (675bo11 ooy — 176¢80; + 2824¢20,bo11 — 576 + 2544bg11)]

+27(cop + 4)(81bo11¢hg; + 232bo11 201 — 56¢3y; + 144bg11 — 96)

+ 525[31 (Sl (480b110 — 7086001) + 72(156(2)01 + 16)) — 324cpo1 (6(2]01 + 4)]},
—1

————————{bo11[S1(S1 (S1(51(3951 — 249c001) + 10(8 + 57¢5;))
96b110b011.57
— 42¢001(15¢20; + 16)) + 3(—16 + 288¢3y; + 117¢dy;)) — 27coo1 (16 + 16¢25; + 3¢50 )]

+ 556151 (5b110 — 13co01) + 9(cgor + 41},

-8
m{& [S1(S1(S1(13S1b011(29951 — 1530c001) — 1512 + 42669b011 c2g; + 21252b011)
1107Y011~1

— 36001 (1395b011 c2g1 — 88 4 18920011 )) + 34425bg11 caoy + 89208301 bor1 — 4464¢3
+ 31824bg11 — 8640) — 18c001 (729011 ooy + 3112¢25,bo11 — 176¢25, — 576 + 28320011 )]
+27(cBop + 4)(81bo11¢hg; + 232bo11¢20; — 56¢3y; + 144bg11 — 96)

+ S90[S1(S1(780b119 — T68co01) + 396(3c2q; + 4)) — 324co01 (cior + 4)]},

b110b
4181;32; {Sl [Sl (51 (Sl(Slbou(éﬂsl — 4700001) + 908b011 — 504 + 2103[)0110(2)01)
1~2

— 12¢001(387ho11¢20; — 200 + 500b011)) + 4272011 — 3408¢25; + 5319011 ¢hg; — 2880
+13896¢20,bo11) — 6001 (513bo11 gy — 4002y, + 2312¢20,bo11 + 2064bg1; — 960)]
+9(cBop + 4)(81bo11coy + 232bo11¢2g; — 5630, + 144bg11 — 96)

+ 896[S1(S1(12b119 — T2¢001) + 12(15¢2q; + 4)) — 108coo1 (2o + 4)]},

~ 3b11od O 57 (8bo11b110 + 8bo11coor — 216) + 35(10b110c001 + 3cdy; — 12)
253 © 853bo11 ’
—b110bo11 2 2
e (b0t [S1(S1(51 (81 (14110 — 133c00n) + 24(24cy, + 11)) — 18co0r (5Tcdoy -+ 80))
193

+18(3cgo1 + 8)(15¢50; + 4)) — 8legor (o + 4)(3chor + 4)]
+ 352(5[51 <7b110 — 30001) + 76(2)01 + 12]},

b110b31y (b1 — 4b1rocoot + 4cyy — 12)(5b10 — 8biiocoor — 4cgoy + 36)
365,52 ’

—1

m{sl [Sl (Sl(51(51b011(40351 — 36786001) + T428bp11 — 1512 4+ 127890911 0(2)01)

— 36¢001 (609b011¢29; — 200 + 900b011)) + 20493bo11 59y — 10224¢2,; + 22032b91; — 8640
+ 5810430 bo11) — 18co01 (56Tbo11 ¢y — 400¢3y; + 2600¢20;bo11 — 960 + 23520011 )]
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Cas

C33

+27(cdo1 + 4)(81bo11¢gy; — 56¢0; + 232bg11¢50; — 96 + 144bg11)

+ 525[31 (Sl (96b110 — 3720001) + 72(90301 + 8)) — 3240001 (C%Ol + 4)]},

1

7245252 {b011(4c(2]01 + 12 + 8by10c001 + 13b%10)(b?10 — 4b%100001 + 4b110 + 4b1100(2)01 — 326001)
1

+ 52(5[51(717110 - 30001) + 70(2]01 -+ 12]},

m{51 [S1(S1(S1(S1bo11 (11838 — 8346¢001) + 13956011 4 22509b011 c2; — 1512)
— 36001 (879001120, — 200 + 1396bg11)) — 10224c30; + 25353bo11¢ho; — 8640 + 29520b011
+ 75384¢30bo11) — 18c001 (621bg11 cag; + 2888¢21bo11 — 400¢8y; — 960 + 2640b0;1 )]
+27(cop + 4)(81bo11¢hg; + 232bo11¢20; — 56¢ay; + 144bg11 — 96)

+ 12525[51 (31(13b110 — 440001) + 7(90(2)01 + 12)) — 27¢co01 (C(Q)OI + 4)]}
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